We study the full counting statistics of charge transport through a quantum dot tunnel-coupled to one normal and one superconducting lead with a large superconducting gap. As function of the level detuning, there is a crossover from a regime with strong superconducting correlations in the quantum dot to a regime in which the proximity effect on the quantum dot is suppressed. We analyze the current fluctuations of this crossover in the shot-noise regime. In particular, we predict that the full counting statistics changes from Poissonian with charge 2e, typical for Cooper pairs, to Poissonian with charge e, when the superconducting proximity effect is present. Thus, the onset of the superconducting proximity effect is revealed by the reduction of the Fano factor from 2 to 1.
Introduction
Current fluctuations in a nanoscale conductor yield more information than the average current on the processes involved in transport and on the nature of the currentcarrying excitations. For this reason the study of shot noise has attracted a lot of attention both theoretically and experimentally [1, 2] . The full current distribution function is given in terms of the Full Counting Statistics (FCS), P (N, t), defined as the probability that N charges have passed through the system in a given time t [3, 4] . The FCS can be conveniently expressed in terms of the Cumulant Generating Function (CGF),
from which the current cumulants are obtained by performing derivatives with respect to the counting field χ, i.e. κ (n) = (e n /t) ∂ n iχ S(χ) χ=0 , with e < 0 being the electron charge. Several theoretical approaches have been developed to determine the CGF both in non-interacting and Email address: alessandro.braggio@spin.cnr.it (Alessandro Braggio) in interacting nano-scale systems [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . The measurement of high-order moments of the current is a highly-demanding experimental task [17, 18, 19, 20, 21, 22] . A breakthrough has been recently achieved by measuring in real time single-electron tunneling through a quantum dot by means of a nearby quantum point contact [23, 24, 25, 26, 27] . The FCS is an important tool to study transport in hybrid normal-superconducting systems [28, 29, 30, 31, 32, 33] , since in this case it becomes of fundamental importance to identify whether the correlations induced by the pairing in the superconductor persist in the normal regions.
Hybrid superconducting-normal structures with quantum dots offer the possibility to study the interplay of superconducting correlations, strong Coulomb interaction, quantum fluctuations and non-equilibrium physics as a function of tunable system parameters. Subgap transport in these structures is mediated by Andreev reflection [34, 35] and it has been studied extensively both theoretically [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] and experimentally [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67] .
In this letter, we study the FCS of electrons transferred through a single-level quantum dot tunnel coupled to one normal and one superconducting lead with a large superconducting gap. The generalized Fano factor F j = κ (j) /(−e) j−1 κ (1) for Andreev reflection at a normal-superconductor interface is F j = 2 j−1 , indicating the transfer of Andreev pairs [68] . As we will discuss below, the Fano factors remain F j = 2 j−1 for many transport regimes when a quantum dot is placed in between. For strong tunnel coupling between dot and superconductor, however, the Fano factor can be reduced to F j = 1. In that case, indeed, the proximity effect leads to fast coherent oscillations of Cooper pairs between dot and superconductor, which are stochastically interrupted by injection of single electrons from the normal lead. Once the proximity effect is suppressed either by a large energy detuning of the empty and double-occupied dot, or by a large tunnel coupling to the normal lead, the Fano factors goes back to F j = 2 j−1 . This counter-intuitive result shows that the superconducting proximity effect on the dot can be revealed by a measurement of current fluctuations, rather than the current.
Theory
We consider the Hamiltonian H = H dot + η=N,S (H η + H tunn,η ), where η = N, S labels the leads. The dot is described by the Anderson impurity model with a spindegenerate level ε and on-site Coulomb repulsion U
where 
with the lead-electron operators c ηkσ and c † ηkσ , and δ η,S = 1 for η = S and 0 for η = N . Superconductivity in lead S is described by means of the mean-field BCS Hamiltonian with a pair potential ∆ = g k c † ηk↑ c † η−k↓ , where g denotes the interaction strength. Without loss of generality, ∆ has been taken real and positive. We choose the electrochemical potential of the superconductor as a reference µ S = 0. The normal lead has electrochemical potential µ N = µ. The tunnel coupling between dot and leads is modeled by the tunneling Hamiltonians:
We assume that the normal-state density of states ν η of lead η is constant in the energy window relevant for transport and define the tunnel-coupling strength as Γ η = 2πν η |V η | 2 . Since we are interested in sub-gap transport, we consider the limit ∆ → ∞, in which the superconducting lead's degrees of freedom can be integrated out. This results in the effective Hamiltonian that for the dot plus the superconducting lead [41] 
The tunnel coupling to the superconductor mixes the states |0 and |D to form new eigenstates |± =
|D with energies δ/2 ± ǫ A . Here δ = 2ε + U is the detuning between empty and doubly-occupied state and 2ǫ A = δ 2 + Γ 2 S the splitting between the |+ and the |− states. The excitation energies of the dot define the Andreev addition energies
with γ ′ , γ = ±1, whose position can be identified by measuring the charge or the current as a function of the electrochemical potential µ [51] , as long as Γ N ≪ k B T ≪ ǫ A .
Calculation
We trace out the normal lead's degrees of freedom in order to obtain an effective description of the dot in terms of its reduced density matrix. For Γ N ≪ ǫ A , the reduced density matrix is diagonal in the eigenbasis of the effective Hamiltonian (5) . The vector of the diagonal matrix elements, the occupation probabilities, at time t under the condition that N electrons have passed through the barrier between the normal lead and the dot, p(N, t), obeys the generalized master equation [12] 
where the Kernel W(N −N ′ , t−t ′ ) describes transitions involving the transfer of N −N ′ electrons. The counting field is introduced through the Fourier transform
In the paper we consider only the weak-coupling regime Γ N ≪ k B T and we perform a perturbation expansion to first order in Γ N . To this order of perturbation theory non-Markovian corrections play no role [12] and we need only the zero-frequency Laplace transform of the Kernel:
The longtime behavior is determined by the eigenvalue of W χ with the smallest absolute value of the real part, λ(χ) [11, 12] . In this regime the CGF in first order in Γ N is given by S = tλ (1) (χ), where t is the measurement time and the superscript explicitly indicates first order in Γ N . A general diagrammatic theory for computing the Kernel W χ exists [51] , but in the case under consideration the rates W 
where f + (ω) is the Fermi function of the normal lead with electrochemical potential µ, and f − (ω) = 1 − f + (ω). The diagonal elements of the Kernel do not contain the counting field and are given by W +,+ = −2W 
Results
We discuss the regime |δ| < U 2 − Γ 2 S for which the Andreev bound states obey the inequality E A,+,+ > E A,+,− > E A,−,+ > E A,−,− . In the following we consider only the low-temperature limit k B T ≪ ǫ A and the case of positive µ. The results for negative µ can be obtained by performing the substitutions δ → −δ and χ → −χ. In the high-bias regime, µ > E A,+,+ , the CGF reads
On resonance, |δ| ≪ Γ S , this expression simplifies to the CGF corresponding to Poissonian tunneling with strength Γ N of electrons through a barrier while off resonance, |δ| ≫ Γ S , we obtain
which corresponds to a Poissonian transfer of Andreev pairs. In between the two limits, the FCS is non-Poissonian. We now proceed to clarify the physical picture that leads to this somewhat counter-intuitive result. On resonance (|δ| ≪ Γ N ): In the large-bias regime, the tunneling rates are all equal and they are given by
The situation is pictorially shown in panel a) of figure 1. The stationary probability of being in the |+ , |− and |σ states are the same and equal to 1/4. Suppose that at a given time the dot is in the singly-occupied state |σ . On average, after an interval of time of 2 /Γ N an electron from the normal lead enters the dot. The resulting doublyoccupied state, |D = (|− − |+ )/ √ 2, undergoes fast coherent oscillations to |0 and back, describing tunneling of an electron pair forth and back between quantum dot and superconductor. This happens well before than another electron enters in the dot after a time 2 /Γ N . Seen from the normal conductor, single electrons hop on the dot independently with a rate Γ N /2. Off resonance (|δ| ≫ Γ N ): For simplicity we discuss only the δ > 0 case. The rates are given by
and the dot will be with a high probability in the state |+ . Panel b) of figure 1 elucidates the situation. Notice that in this regime the state |+ corresponds mostly to |D with only a small admixture of |0 . The dot first needs to inject a Cooper pair in the superconductor via a cotunneling process (factor Γ 2 S /δ 2 ) and only then an electron can tunnel in the dot from the normal side (factor Γ N .) This combined process is the bottleneck for transport and leads to a suppression of the rate W χ σ,+ , which goes as Γ N Γ 2 S /δ 2 . On the contrary, when the dot is in |σ , the rate for tunneling back to |+ is much higher ∝ Γ N and the dot will return quickly to the state |+ . Seen from the normal side, pairs of electrons are injected with an average time separation of 4 δ 2 /(Γ N Γ 2 S ). The average separation of the electrons within a pair is much shorter, namely /Γ N .
In the intermediate-bias regime, E A,+,− < µ < E A,+,+ , the situation is more complex. The CGF reads
The Poissonian one-electron transport regime is now realized for δ = − √ 2 4 Γ S where the CGF becomes S ib = t 
This behavior can be understood looking at the rates in a similar fashion as for the high-bias case. Finally, in the low-bias regime, 0 < µ < E A,+,− , transport is suppressed by Coulomb blockade. In figure 2 we show the current that, as already discussed in reference [51] , exhibit a dependence on the Andreev addition energies (dashed lines) as a function of ǫ and µ.
In figure 3 , for fixed bias, we show the transition from Fano factors F j ≈ 2 j−1 to F j ≈ 1 for F 2 (black) and F 3 (red) as a function of ǫ. Off resonance, we have F j ≈ 2 j−1 , indicating that electrons are transfered as Andreev pairs. On resonance, the superconducting proximity effect leads to fast coherent oscillations of a Cooper pair between dot and superconductor. Electrons are injected from the normal lead via uncorrelated single-electron tunneling events, F j ≈ 1. In the intermediate-bias regime (dot-dashed lines in figure 3 ) we see a similar behavior but with a shifted position of the minimum.
In the analysis presented above no dephasing giving rise to a suppression of the superconducting proximity effect is included. In fact, in the limit of weak tunnel coupling to the normal lead, Γ N ≪ ǫ A , as assumed above, the Andreev bound states are sharp resonances without broadening. The regime of a quantum dot more strongly coupled to a superconductor than to a normal lead, i.e. Γ S ≫ Γ N , has already been realised experimentally by Deacon et al. [66, 67] . The effect of dephasing can be studied by increasing the tunnel coupling to the normal lead. In the extreme limit of Γ N ≫ ǫ A , the superconducting proximity effect is fully suppressed, and the picture of uncorrelated electron-pair tunneling remains valid for all values of δ/Γ S . We explicitly checked the cases Γ N ≫ |δ| ≫ Γ S and Γ N ≫ Γ S ≫ |δ| in the high-bias regime (by means of the diagrammatic theory [51] and including matrix elements of W that are off-diagonal in the |± basis) to find the CGF
that corresponds again to Poissonian transfer of Andreev pairs with the rate Γ 2 S /2Γ N . For intermediate values of Γ N , representing finite but not complete dephasing, we expect an intermediate value of the Fano factor between 1 and 2 on resonance. In that sence, the measurement of the Fano factor may serve as a tool to determine the presence and strength of dephasing.
Conclusions
We have computed the CGF for transport through a quantum dot coupled to one normal and one superconducting lead in the large-gap limit. In the high-bias and intermediate bias regimes, there is a crossover from generalized Fano factors F j = 2 j−1 to F j = 1, which clearly identifies the superconducting proximity effect in the quantum dot.
